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Abstract An analytical and experimental work is described on natural convection in an inclined cylindrical 
annulus enclosed in heated inner and cooled outer cylinders. Three-dimensional governing equations are 
transformed into the finite-difference equations and solved numerically using the successive over-relaxation 
(SOR) procedure. The three-dimensional structure of the fluid flow and temperature distributions as well as 
Nusselt numbers are obtained and the effect of inclination on them is examined. A flow visualization 
experiment using a tracer technique is conducted; photographs of streaklines confirm the three-dimensional 

flow structure obtained analytically. 

NOMENCLATURE 

c, specific heat 

Y gravitational acceleration 

1 axial length of the cylinders 

L dimensionless axial length of the cylin- 

ders, I/r2 

Nu,, Nu, Nusselt numbers at the inner and the outer 
cylinder walls defined in equations (19) 
and (20). respectively 

NM, average Nusselt number defined in 
equation (21) 

PII3 dynamic pressure 
Pr Prandtl number, ~/a 
r radial distance 

rl. r2 inner and outer radii of the annulus, 
respectively 

R dimensionless radial coordinate, r/r2 

RI ratio of the inner to the outer radius, rl/r2 

Ra Rayleigh number based on the outer 

radius, ga( T1 - T,)r~/av 

T temperature 

7’13 T, temperatures at inner and outer cylinders, 
respectively 

V velocity vector 
Z axial distance. 

Greek symbols 

; 

thermal diffusivity 
thermal expansion coefficient 

s angle of inclination from the horizon 
0 dimensionless temperature, 

(T- T2)/(? - 7’~) 
v kinematic viscosity 

; 

dimensionless axial coordinate, z/r2 
angular coordinate measured from down- 
ward vertical axis 

Y vector potential 
a vorticity vector. 

Subscript 
1 inner cylinder 
2 outer cylinder. 

INTRODUCTION 

IN RECENT years, natural convection in a cylindrical 

annulus has attracted much attention with relation to 
solar collectors, thermal storage systems and spent 
nuclear fuel cooling. A review of the works concerning 
this configuration was presented by Kuehn and 
Goldstein [l]. However, most of them were for 
horizontal concentric cylinders with infinite axial 
length. In this case, a two-dimensional (2-D) analysis is 
allowed because the convective flow is confined to the 
vertical plane and the flow pattern is identical in each 
annular cross section. On the other hand. a three- 
dimensional (3-D) treatment is unavoidable in the 
horizontal case with the finite axial length and the rigid 
axial boundary surfaces and/or in the case when the 
cylinders are inclined from the horizon, because the vis- 
cous shearing force at the end walls and/or the gravi- 
tational force have an effect on the convection toward 
the axial direction. 

In the 3-D numerical analysis, the matrix to be 
dealt with is far larger than that in the 2-D case, taking 
more CPU time to obtain the solution. Recently it has 
become feasible to treat this problem due to 
improvements in processing speed and memory 
capacity ofdigital computers. Several numerical works 
have been performed, most of them for rectangular 
enclosures. Aziz and Hellums [2] solved numerically a 
set of transient governing equations for a rectangular 

configuration by means of an alternating direction 
implicit (ADI) method. However, their main aim was to 
find out the possibility of using a vector potential and so 
the 3-D flow structure was not made clear. Ozoe et al. 
[3] performed a numerical work on 3-D natural 
convection in a long inclined rectangular box and 
showed that a fluid particle path drew a co-axial double 
helix. In later experimental work [4], they confirmed 
such a flow structure by flow visualization using a 
tracer technique. 

Only a few numerical works have been made on a 
concentric cylindrical annulus. Ozoe et al. [S] carried 
out analytical and experimental work for a vertical 
annulus heated from below. In refs. [6,7] 3-D analytical 
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and experimental works were performed for a porous 
medium enclosed in an inclined cylindrical annulus 
with relation to the insulation of a high temperature 
ducting system and obtained a good agreement 
between analytical and experimental temperature 
distributions. However. the flow structure obtained 
numerically was not confirmed experimentally because 
of the difficulty of the flow visualization in a porous 
medium. As Darcy’s law is adopted for the porous layer, 

the momentum equation is simplified by neglecting 
small terms: i.e. viscous drag and inertia terms. 
Consequently the order of the differential equations is 
less than that for the viscous fluid layer and velocity-slip 
at the wall is allowed. In spite of this difference it is 
assumed that the flow structure does not essentially 
depend so much on the medium but mainly on the 
geometrical configuration and its boundary con- 
ditions. Thus the results in a viscous fluid layer are 
expected to provide a supplemental confirmation ofthe 

flow structure in a porous layer predicted in refs. [6,7]. 
The purpose of this paper is to clarify the 3-D Row 
structure, temperature distributions in a fluid layer as 
well as Nusselt numbers. The 3-D governing equations 
in terms of a vector potential, vorticity vector and 
temperature are solved numerically using an SOR 
procedure. Furthermore, a flow visualization experi- 
ment with grycerol is conducted using suspended 
aluminum powder as the tracer to confirm the flow 
structure obtained by numerical analysis. 

ANALYSIS 

The physical model and the coordinate system in the 
present analysis are shown in Fig. 1. A fluid layer is 
enclosed between two concentric cylinders with radii r, 
and r2, and axial length 1. The cylinder axis is inclined 

from the horizon at an angle 6, and hence the 
gravitational force acts not only in the r- and 4- 
directions but also in the :-direction. Temperatures at 
the heated inner cylinder surface and the cooled outer 
one, designated by T, and Tz, respectively, are assumed 
to be kept constant, while both side walls are thermally 
insulated. Flow and temperature fields are assumed to 
have a symmetric nature with respect to the vertical 
plane (4 = 0 and 180’) and the region of computation 
is limited between 4 = 0 and 180’~‘. Furthermore, 
Boussinesq’s approximation is applied to the density 

CCCM wall Tz 

Heated wall T, 

.__.-- 

Insulated wall .__ 

in the momentum equation and the other properties 
are assumed to be independent of temperature. 

Considering these assumptions, the governing 
equations in the steady state are written as 

v*v=o, (1) 

(V*V)V = -g[4T-- T,)i-~vPm+vv’v. (2) 

(V*V)T = xV’T. (3) 

where i on the RHS of equation (2) represents a unit 
vector in the direction of the gravitational force and is 
given, as a function of ii, by 

cos i#l cos 6 

i= 

i I 

-sinfJcos(5 (4) 

-sin 6 

Following Aziz and Hellums [2], the vector potential, 
‘I’, and vorticity vector. a, are introduced 

V=VxY, (5) 

n=vxv, (6) 

where \Y and R satisfy the following solenoidal 
condition 

V-Y =o. (7) 

V*R=O. (8) 

The equation of continuity, equation (I), is satisfied 
automatically by the vectoi potential. Then the rela- 
tion between ‘I’ and a is presented in the following 
dimensionless form 

s2 = -PP. (9) 

Taking the curl of equation (2) to eliminate the pressure 
term, the vorticity transport equation is obtained in the 
dimensionless form 

= Ra 

In the same manner, the dimensionless form of the 
energy equation is written as 

(V*V)O = PO. (11) 

In equations (9Hll) the following dimensionless 
variables and parameters are used 

FIG. 1. Analytical model. Ra = g/7( T, - T,)r:/av. Pr = v/cc. I 
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Boundary conditions are written as follows. 

Velocity : 

V,= V,= v,=O (R=R,,l), 
1 

ah _ = v+ = $ = 0 
a4 

(4 = o”, 180”), 

i 

(13) 

v,= v,= v,=o ((=O,L). J 

Vorticity : 

fi, =O, R,= -2, Ri=$$ (R = R,,l), 

nR = 3 = n; = 0 
a4 

(4 = O”, 180”), 

I 

(14) 

Vector potential : 

&(RV~)=Tm=‘P;=O (R,=R,,l), 1 

‘I”, = 2 = ‘I”, = 0 (4 = O”, 180”), I . 

I 

(15) 

Temperature : 

0 = 1 (R = R,), 0 = 0 (R = l), 
1 

ae ae ’ (16) 
- = 0 - =o (4 =W,lSO”), ag 

84 
(5 = O,L), I 

where the boundary conditions of the vector potential 
were developed by Hirasaki and Hellums [S]. 
Equations (5) and (9Hll) are the final forms of the 
governing equations, which were transformed into the 
finite-difference equations and solved numerically 
using an SOR procedure with the parameters 6 and Ra. 

Computations were carried out in the ranges of 
0” < 6 < 90”, lo4 < Ra < lo5 and Pr = 5000 with 
fixed aspect ratios of R, = r, Jr2 = 0.5 and L = l/r2 = 2. 
As an initial condition of the iteration. a conduc- 

tion solution was adopted for the temperature distribu- 

tion, while the zeroes were substituted into the remaining 

unknowns. Iterations were terminated when the follow- 

ing relative-error convergence criterion was satisfied 

where Q$k indicates one of the values R, Y or 0 at the 
nth step of the iterations at a location (R, c+bj, &). For a 
higher value ofRa, the solution obtained for smaller Ra 
was used as the initial condition to save CPU time. It 
took 17-220 min to obtain a convergence solution 
using a FACOM M-200 digital computer. The 
relaxation factors chosen were in the ranges 0.8-1.0 for 

the vorticity and l&l.2 for the vector potential and the 
temperature, and the number of nodal points in the grid 
was 21, 37, and 41 for the R-, $-, and r-directions. 
respectively. 

EXPERIMENTAL APPARATUS AND PROCEDURE 

The experimental apparatus for flow visualization is 
shown in Fig. 2. The inner cylinder was made of phenol 
resin with a diameter of 45 mm and covered with 
stainless steel foil for electrical heating, which was 
coated with black flat paint to prevent reflection of 
light. The outer cylinder was made ofa Pyrex glass tube, 
90 mm I.D., to make the inside visible and cooled 
outside by water. The gap between the outer cylinder 
and the Aat viewing window was filled with cooling 
water to reduce the refraction by curvature of the outer 
cylinder. Two end plates were made of acrylic resin. 
Some rubber corks, through which the tracer was 
injected, were attached to these end plates. 
Temperatures on the inner and outer cylinder surfaces 
were measured by chromel-alumel thermocouples. 
Grycerol was used as the test fluid, while suspended 
aluminum powder was used as the tracer. Usually it 
took more than 30 h to attain steady state. Photographs 
of the flow patterns were taken and a video tape 
recorder unit was used to record the tracer particle 
movement. 

(4 Front View (b) Side View 

FIG. 2. Experimental apparatus: (a) front view;(b) side view. (1) Test section; (2) cooled outer cylinder; (3) heated 
inner cylinder; (4) water jacket; (5) rubber cork; (6) window; (7) inlet; (8) outlet. 
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(a) 

e------ 
Side View (b) Perspective View 

FIG. 3. Fluid particle path for 5 = o”, Ra = 10“ and Pr = 5000: (a) side view; (b) perspective view. 

RESULTS AND DISCUSSION 

Horizontul case 

The stream line draws an almost 2-D crescent- 
shaped vortex as obtained by Kuehn and Goldstein Cl] 
even if both of the axial boundary surfaces are rigid. The 
problem may be treated as 2-D one as far as convection 
in the R-4 plane is concerned. However. the effect ofthe 
viscous shearing force at the end walls manifests itselfin 
the region very close to the walls and in the middle part 
of the annulus. Figure 3 shows fluid particle paths for 
the horizontal case at Ra = IO4 and Pr = 5000, which 
is obtained by numerical integration of the following 
differential equation by means of the Runge-Kutta 
method of the second order 

dR Rd$ d5 dt, 

v,-V$ b 
(18) 

Two fluid particle paths, whose starting and ending 
points are marked by square and circular symbols, 
respectively, are shown in the figure. Referring to 
the left-hand path, the fluid particle moves in the 
c-direction from the starting point, drawing a small 
crescent-shaped vortex in the R-4 plane, but the 
particle velocity in the <-direction decreases gradually 
at the central region with an increase in the size of the 
crescent-shape. Then the particle turns in the opposite 
<-direction and moves drawing a large crescent-shaped 
vortex outside the smaller one. Finally it returns to the 
starting point. Therefore, such a trace of a fluid particle 
is closed three-dimensionally and called a co-axial 
double helix, which is essentially the same structure as 
that obtained by Ozoe et al. [3] for an inclined 
rectangular box. Since. for the horizontal. case, the 
system is symmetric with respect to the central vertical 
plane (5 = l), a couple of the double helixes with the 
opposite <-direction exist. For Ra = 10’ (not shown 
here) this configuration did not change substanti- 

ally. As Ra increases, the convection in the R- and 
@-directions becomes more dominant and it results in 
decreasing the velocity of the 5 component. The fluid 
particle is, then, required to draw a larger number of 
crescent-shaped traces until it returns to the starting 
point; consequently it becomes more difficult to 
distinguish each line. 

Figure 4 shows the isothermal lines at < = 0 and 1 for 
Ra = lo5 and Pr = 5000. Each contour line is drawn at 
a temperature step of 0.1. It is shown that the 
isothermal lines are concentrated at the lower part of 
the inner cylinder and at the upper part of the outer one. 
The lines near C$ = 180’ at 5 = 1 spread more widely 
toward the outside compared with those at 5 = 0. This 
is due to the fact that the convection is suppressed by the 
viscous shearing force at the end wall. 

Distributions of local Nusselt numbers correspond- 
ing to the isothermal lines are shown in Fig. 5, where 
Nu, represents the value at the inner cylinder wall and 
Nu, at the outer. They are evaluated by the following 

FIG. 4. Isothermal lines on the R-4 plane for 6 = o”, Rn = 10’ 
and Pr = 5000. 
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expressions 

FIG. 5. Local Nusselt numbers. Nu, and Nu,, for 6 = o”, Ra = IO5 and Pr = 5ooO. 

(19) 

(20) 

From the figureit is found that Nu, changes little along 
the {-direction ; the values at both of the end walls are 
almost the same as that at the center. On the other hand, 
Nu, decreases remarkably at both of the end walls 
(5 = 0 and 2), which is reduced by as much as 30% that 
of the center and has maxima at 5 = 0.25 and 1.75, 
4 = 180”. This result shows that the end wall does not 
so much affect the heat transfer characteristics at the 
inner cylinder but at the outer. As shown in the figure 
the end effect is very small in the range 0.4 < 5 < 1.6, 
where 2-D analysis may give a good approximation. 

Inclined case 
Figure 6 shows a fluid particle path for 6 = 15”, 

Ra = lo4 and Pr = 5000. The co-axial double helix is 
also shown here, but owing to the inclination the velocity 
in the <-direction is fairly large. Referring to the inside 
helix, the fluid particle flows almost parallel to the 
vertical line. On the other hand, the outside particle 
moves back and forth in the <-direction in the upper and 
the lower part of the annulus, drawing a twisted 
crescent-shaped helix. Figure 7 shows a photograph of 
streaklines obtained by a flow visualization experiment 
for 6 = 15”, Ra = 1.5 x 10’ and Pr = 5156. Comparing 
this photograph with Fig. 6, one finds remarkable 
consistency between them. Thus the structure ofthe co- 
axial double helix obtained analytically was confirmed. 

Figure 8 shows contour lines of the temperature 
distribution for 6 = 15” and Ra = 10’. It is shown that 
its variation with the value of 5 is remarkably large. 
Isothermal lines gather around the inner cylinder at 
< = 0. As the value of 5 increases, the inner lines in the 

upper part of the annulus spread toward the outside. 
The corresponding local Nusselt numbers are shown in 
Fig. 9. The effect of inclination on the distribution of 
Nu, and Nu, appear at the end region : one can find the 
increase in Nu, and the decrease in Nu, at the bottom 
end (4 = 180”, 5 = 0), and the increase in Nu, at the top 

end($= 180”.5=2). 
The values of the maximum local Nusselt numbers, 

NuI,,,, and Nu~,,,~~, and average Nusselt number, 
Nu,, are listed in Table 1. The average Nusselt num- 
ber, Nu,, is defined by 

Nu.,=& 
L 7l 

ss 
Nu, d4 d5 

cl cl 

1 Ln 
=- 

IS nL 0 
Nu, d4 d{. (21) 

0 

The value of Nu, calculated by Nu, agreed with that 
calculated by Nuz within O.l’/,. From Table 1. in the 

-- 

I 
9 

3 

Side View 

FIG. 6. Fluid particle path for 6 = 15”. Ra = 104 and 
Pr = 5000 (side view). 
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FIG. 7. Photographs of the fluid particle path for 6 = 15”, Ra = 1.5 x 10’ and Pr = 5156. 

present aspect ratios (r1/r2 = 0.5 and l/r2 = 2) it is 
shown that the average Nusselt number slightly increases 
with 6 and attains a maximum value at 6 = 90 
(vertical case); the value is higher than at 6 = 0” 
(horizontal case) by 13”;). On the other hand, the 
maximum local Nusselt numbers, Nu,.,,, at the inner 
cylinder wall and Nu-).,,_ at the outer cylinder wall, have 
their maximum values at 6 = 75” and 60”. respectively, in 
most cases at locations b = 0”. 4 = 0 (bottom end) for 
Nw , ,mpx, and 4 = 1 NY, < = 2 (top end) for Nu~_~. For 
a small inclination (6 C 15’.‘) the location of Nuz,,,, 
slightly deviates from 5 = 2 because of the end effect. In 
spite of the apparently large effect of 6 on the local 
Nusselt number distribution, the average Nusselt 
number changes only slightly. It seems that the effect of 

the locally promoted or suppressed part of the 
convection on the total heat transfer rate almost 
compensates each other. Above results are limited to 
the case of r,/rz = 0.5 and l/r, = 2. In general, it is 
considered that the average Nusselt number and local 
maximum Nusselt numbers depend not only on the 
inclination but also on the aspect ratios. Additional 
calculations with the aspect ratios are, of course, 
necessary for clarifying the whole effects of the 
inclination. 

CONCLUDING REMARKS 

A problem of 3-D natural convection in an inclined 
cylindrical annulus heated from the inner cylinder and 
cooled from the outer was examined by numerical 

FIG. 8. Isothermal lines on the R-4 plane for 6 = 15”, Ra = lo5 and Pr = 5OCKl 
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FIG. 9. Local Nusselt numbers, Nu, and Nu,, for 6 = 15”, Ra = lo5 and Pr = 5000. 

analysis and a flow visualization experiment. The 
conclusions are summarized as follows : 

(1) The 3-D structure ofthe fluid particle path is the co- 
axial double helix. A streakline obtained by the flow 
visualization experiment shows a remarkable consistency 
with the numerical result. 

(2) In the limited case of r,/r2 = 0.5 and l/r, = 2.0, the 
average Nusselt number slightly increases as the 
inclination increases. On the other hand, the maximum 
local Nusselt numbers show a fairly large dependence on 
the inclination angle. In the present case, the maximum 
local Nusselt numbers, NUT,,,,, at the inner cylinder and 

N%*,,X at the outer cylinder, have maxima at 6 = 75” and 
60”, respectively. 

(3) In most cases, the locations where the local Nusselt 
numbers, Nu, at the inner cylinder and Nu, at the outer 
cylinder, have maxima are at the top and the bottom end 
walls, respectively. For a small inclination (6 < lY), its 
location deviates from the end walls because of the viscous 
shearing force effect at the end. 
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CONVECTION TRIDIMENSIONNELLE NATURELLE DANS UN 
ESPACE ANNULAIRE INCLINE 

R&me-On d&it un travail analytique et expirimental SW la convection naturelle dans un espace annulaire 
inclink entre un cylindre inttrieur chau!E et un cylindre extt‘rieur froid. Les tquations tridimensionnelles sont 
transformies en des kquations aux diffkrences finies et elles sont rCsolues numtriquement en utilisant la 
mkthode de surelaxations successives (SOR). La structure tridimensionnelle de l’icoulement et les 
distributions de tempkrature et des nombres de Nusselt sont obtenues et I’effet de l’inclinaison est &tudi&. Une 

visualisation expbrimentale par une technique de traceur est r6aliste: des photographies confirment la 

structure tridimensionnelle de l’bcoulement obtenue analytiquement. 

DREIDIMENSIONALE NATURLICHE KONVEKTION IN EINEM GENEIGTEN 
ZYLINDRISCHEN RINGRAUM 

Zusammenfassung-Es wird eine theoretische und experimentelle Arbeit beschrieben, die sich mit der 
natiirlichen Konvektion in einem geneigten zylindrischen Ringraum befaDt, wobei der innere Zylinder beheizt 
und der &&ere Zylinder gekiihlt ist. Die bestimmenden dreidimensionalen Gleichungen werden in finite 
Differenzengleichungen transformiert und numerisch gel&, wobei die sukzessive Uberrelaxationsmethode 
(SOR) angewandt wird. Dabei werden die dreidimensionale Struktur der Geschwindigkeits- und 
Temperaturverteilung sowie die Nusselt-Zahlen erhalten, und der EinfluB der Neigung auf diese GriiDen 
wird untersucht. Die StrGmung wurde mit einem Tracer-Verfahren sichtbar gemacht: Fotografien der 

Streichlinien bestgtigen die berechnete dreidimensionale Striimungsstruktur. 

TPEXMEPHAR ECTECTBEHHAR KOHBEKuIUl B KOJlbuEBOM 3A30PE MExflY 
HAKflOHHblMM ~MJIMHAPAMM 

AanoTa4Hn~npencTasneHbI pesy,%ra%l aHanMTMYeCKoro II %cnepAMenTa,%Horo Hcc.rlenoaamiR 
ecTecTBeHHoti KOHBeKUMll B KOnbueEOM 3a3ope MexQly HBKnOHHblMH HarpeBaeMblM BHY~~~HHMM M 
OX,,aTEaeMblM BHe”,HHM Q&,,,HHnpai,,n. TpeXMepHble ypaBHeHM5, eCTeCTBeHHOfi KOHLWKUAA npeO6pa- 

30BaHbl B KOHeqHO-pa3HOCTHbIe M pemeHb1 VMCJIeHHO C MCnOJIb3OBaHAeM MeTODa aepXH&i PeJIaKCauWf. 

nonyqeHa rpexr4epHaa CrpyK-rypd pdcnpeneneHG CK~POCTH ~H~KOCTH H TeMnepd~ypbl. a TaKxe 

OnpeneneHbl 3HalleHHfl wcna HyCCeJIbTd H HCCneUOBaHO BnAIlHHe Ha HMX H~K.TOHB. Teqeaae a 3a3ope 

B&,3yaJI”3HpOaaJoCb C IIOMOmb,‘? XHMMYeCKOrO HHLWKaTOpd; @OTOrpa@HH lllTpMXOBblX ,IMHMit 

nORrBepmflalo1 TpeXMepHbIfi XapaKTep CTpyKTyphl nO-rOKa, nOny’4eHHblfi aHaIIHrW,eCKH. 


